The rapid development of computer science, technology, and mathematical logic put forward many new requirements, thus contributing to the nonclassical logic and the rapid development of modern logic [1] . The study of fuzzy logic has become a hot topic with scientific information and artificial intelligence, which makes fuzzy logic study of algebra and logic inseparable. Fuzzy logic is both the mathematical basis of the artificial intelligence and fuzzy reasoning. Based on the actual background, different forms of fuzzy logic system are proposed. ID:p0090 Logical algebras are the algebraic counterparts of the nonclassical logic and the algebraic foundation of reasoning mechanism in information sciences, computer sciences, theory of control, artificial intelligence, and other important fields. For example, BCK-algebra, BL-algebras, pseudo MTL-algebras, and noncommutative residuated lattice are algebraic counterparts of BCK Logic, Basic Logic, monoidal t-norm-based logic, and monoidal logic, respectively [1] [2] [3] . ID:p0095 Hájek introduced BL-algebra as algebraic structure for his Basic Logic [3, 5] . Di Nola generalized BL-algebra in a noncommutative form and introduced the notion of pseudo BL-algebra as a common In 1966, BCK-algebra was introduced by Iséki and Imai from BCK/BCI Logic [7] [8] [9] . Iorgulescu established the connections between BCK-algebra and BL-algebra in [10] . Afterward, Georgescu and Iorgulescu introduced the notion of pseudo BCKalgebra as an extension of BCK-algebra to express the noncommutative reasoning [11, 12] . Iorgulescu established the connections between pseudo BL-algebra and pseudo BCK-algebra [12] . In [13] , Wang and Zhang presented the necessary and sufficient conditions for residuated lattice and bounded pseudo BCK-algebra to be Boolean algebra. ID:p0105 Filter theory plays a vital role not only in studying of algebraic structure, but also in nonclassical logic and computer science [14, 15] . From logical point of view, various filters correspond to various sets of provable formulae [16, 17] . For example, based on filter and prime filter in BL-algebra, Hájek proved the completeness of Basic Logic [3] . In [18] , Turunen proposed the notions of implicative filter and Boolean filter and proved that implicative filter is equivalent to Boolean filter in BL-algebra. In [19] , some types of filters in BLalgebra were proposed. In [20] [21] [22] , filters of pseudo MV-algebra, pseudo BL-algebra, pseudo effect algebra, and pseudo hoops were further studied. Literatures [8, 18, 19, [23] [24] [25] [26] [27] [28] further studied filters of BL-algebra, lattice implication algebra, pseudo BL-algebra, pseudo BCK-algebra, R 0 -algebra, residuated lattice, triangle algebra, and the corresponding algebraic structures.
In [29] , there is an open problem that "In pseudo BCK-algebra or bounded pseudo BCK algebra, is the notion of implicative pseudo-filter equivalent to the notion of Boolean filter?" Based on this, [25] proposed another open problem that "Prove or negate that pseudo BCK-algebras is implicative BCK-algebras if and only if every filter of them is implicative filters (or Boolean filter). " The two kinds of filters are important in pseudo BCK-algebra, thus the open problems are interesting and meaningful topics for further research and are the motivation of this paper.
We have explored the properties and relations of fuzzy pseudo filter (filter) of pseudo BCK-algebra. After we discussed the equivalent conditions of fuzzy normal filter in pseudo BCK-algebra (pP), we proposed fuzzy implicative pseudo filter and its relation with fuzzy Boolean filter in (bounded) pseudo BCK-algebra (pP). Then the open problem are partly solved [1] . Based on this, having further investigated the Boolean filter and implicative filter in pseudo BCK-algebra, we found the essentially equivalent relation between them, and the relation between them and implicative BCK-algebra, then we completely solved the open problems.
The role of filters are important not only in pseudo BCK-algebra, but also in related domains. In [26] In our previous work, we have characterized the fuzzy fantastic filter and normal filter of BL-algebra, and discussed the relation between them, then partly solved the two open problems [30] . But so far we have not got sufficient and necessary condition for a normal filter to be fantastic. Based on this, we further obtained the relation between them and completely solved the two open problems. This paper is organized as follows: In Section 2, we present some basic definitions and results in BL-algebra and pseudo BCK-algebra. In Section 3, we focus on the relation between implicative filter and Boolean filter of pseudo BCK-algebra or bounded pseudo BCK-algebra and give a complete solution to an open problem. In Section 4, based on the result we obtained in Section 3, we investigate the relation between implicative filter (Boolean filter) and implicative pseudo BCK-algebra and give a complete solution to another open problem. In Section 5, we recall the concept of filter and the corresponding properties of filter in BL-algebra and we propose complete solutions to two open problems of filter in BLalgebra.
PRELIMINARIES
Here we recall some definitions and results which will be needed. Reader can refer to [9, 11, 12, 19, [31] [32] [33] [34] [35] [36] [37] . [32] ) Suppose L is a nonempty set with two binary operations ∧ and ∨. L is called a lattice if for x, y, z ∈ L, the following conditions hold [31] ) A lattice L is called a distributive lattice if for x, y, z ∈ L, the following conditions hold
Definition 1. (Birkhoof
(1) x ∧ x = x, x ∨ x = x, (2) x ∧ y = y ∧ x, x ∨ y = y ∨ x, (3) (x ∧ y) ∧ z = x ∧ (y ∧ z), (x ∨ y) ∨ z = x ∨ (y ∨ z), (4) (x ∧ y) ∨ x = x, (x ∨ y) ∧ x = x.
Definition 2. (Balbes and Dwinger
In lattices, (1) and (2) are equivalent.
Suppose L be a lattice. A binary relation ≤ is defined as for x, y ∈ L, x ≤ y if x ∧ y = x or x ∨ y = y. Then we can find that binary relation ≤ is a partially ordered relation. [38] ) Let X = [0, ∞] and let ≤ be the usual order on X. Define → and ↪ on X as follows:
Example 1. (Jun, Kim and Neggers
for all x, y ∈ X. Then (X, ≤, →, ↪, 0) is a pseudo BCK-algebra. In a pseudo-BCK-algebra A we can define [35] ) Let (A, ≥, →, ↪, 1) be a pseudo BCK-algebra. Then the following properties hold for any x, y, z ∈ A
Proposition 1. (Iorgulescu
(1) x ≤ y ⇒ y → z ≤ x → z and y ↪ z ≤ x ↪ z, (2) x ≤ y ⇒ z → x ≤ z → y and z ↪ x ≤ z ↪ y, Pdf_Folio:2 (4) x ≤ y iff x → y = 1 iff x ↪ y = 1, ID:p0345 (5) x → y = x → x ∧ y, x ↪ y = x ↪ x ∧ y, ID:p0350 (6) x → y ≤ (z → x) → (z → y), x ↪ y ≤ (z ↪ x) ↪ (z ↪ y), ID:p0355 (7) y ≤ x → y, y ≤ x ↪ y, ID:p0360 (8) 1 → x = x = 1 ↪ x, ID:p0365 (9) (x ∨ y) → z = (x → z) ∧ (y → z), (x ∨ y) ↪ z = (x ↪ z) ∧ (y ↪ z), ID:p0370 (10) x ∨ y = ((x → y) ↪ y) ∧ ((y → x) ↪ x), x ∨ y = ((x ↪ y) → y) ∧ ((y ↪ x) → x).
Definition 6.
ID:p0375 (Ciungu [34] ) A pseudo BCK-algebra with condition (pP) (i.e., with pseudo product) is a pseudo BCK-algebra (A, ≥, →, ↪, 1) satisfying the condition (pP)
Theorem 2.
ID:p0390 (Ciungu [34] ) Let (A, ≥, →, ↪, 1) be a pseudo BCKalgebras with condition (pP), x ⊙ y is defined as min{z|x ≤ y → z} or min{z|y ≤ x ↪ z}, then the followings hold in A ID:p0395
In the sequel, we shall agree that the operations ∨, ∧, ⊙ have priority towards the operations →, ↪.
Definition 7.
ID:p0420 (Blount and Tsinakis [33] ) A lattice-ordered residuated monoid is an algebra (A, ∨, ∧, ⊙, →, ↪, e) satisfying the following conditions:
ID:p0445 A lattice-ordered residuated monoid A is called integral if x ≤ e for all x ∈ A. In an integral lattice-ordered residuated monoid, we use "1" instead of e.
Lemma 3.
ID:p0450
(Jipsen and Tsinakis [36]) Pseudo BCK-algebra with condition (pP) is category equivalent to partially ordered residuated integral monoid.

Definition 8.
ID:p0455 (Zhang [37] ) A BCK-algebra (A, →, 1) is called an implicative BCK-algebra if it satisfies (x → y) → x = x for any x, y ∈ A.
Definition 9.
ID:p0465
Definition 10.
ID:p0475
Definition 11. ID:p0485 (Haveshki, Saeid, and Eslami [19] ) A BL-algebra is an algebra (A, ∨, ∧, ⊙, →, 0, 1) of type (2, 2, 2, 2, 2, 0, 0) such that (A, ∨, ∧, 0, 1) is a bounded lattice, (A, ⊙, 1) is a commutative monoid, and the following conditions hold for all x, y, z ∈ A: An MV-algebra A is a BL-algebra satisfying x --= x for any x ∈ A. A Gö del-algebra is a BL-algebra satisfying x ⊙ x = x for any x ∈ A. 
We shall agree that the operations ∨, ∧, ⊙ have priority toward the operations →. In this section, we recall the definitions of filter, positive implicative pseudo filter, Boolean filter, normal filter, and implicative filter of pseudo BCK-algebra.
Definition 12.
ID:p0600 (Zhang [29] ) A nonempty subset F of pseudo BCKalgebra A is called a (pseudo) filter of A if it satisfies
Theorem 5.
ID:p0620 (Wang [1] 
In example 1, we can find {0} is a filter.
Theorem 6.
ID:p0640 ( 
Wang [1]) A nonempty subset F of a pseudo BCKalgebra A with condition (pP) is a filter of A if and only if it satisfies
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Definition 13.
ID:p0655 (Zhang [29] ) Let F be a filter of A, for all x, y ∈ A, F is called a(an)
ID:p0680 (4) Loyal filter if x ∈ F and y ∈ F implies x → y ∈ F and x ↪ y ∈ F,
Definition 14.
ID:p0695 (Zhang and Jun [13] ) A nonempty subset F of a pseudo BCK-algebra A is called a positive implicative filter of A if it satisfies (F1) and for all x, y ∈ A.
Note that any filter of a BCK-algebra is normal.
Theorem 7.
ID:p0720 (Zhang [29] ) Let (A; ≤, →, ↪, 0, 1) be a bounded pseudo BCK-algebra and F implicative pseudo filter of A. Then To solve the open problem, we recall the results of the relation between the two filters and then get a new solution to the open problem in pseudo BCK-algebra.
Theorem 8.
ID:p0775 (Zhang [29]) Let (A, ≥, →, ↪, 1) be a pseudo BCKalgebra and F a normal pseudo filter of A. Then F is implicative if and only if F is Boolean.
ID:p0780
With the help of the equivalent conditions of fuzzy normal filter of pseudo BCK-algebra (pP), [1, 39] get the following results and partly solve the open problem.
Theorem 9.
ID:p0785 ( 
Wang [1]) In bounded pseudo BCK-algebra, every implicative pseudo filter is a Boolean filter. In pseudo BCKalgebras(pP), every Boolean filter is an implicative pseudo filter.
ID:p0790
We further investigate the properties of Boolean filter and implicative filter which make the relation between the two filters much clear, and get the solution for the open problem.
Theorem 10.
ID:p0795
Implicative pseudo filter is Boolean filter in pseudo BCK-algebra.
ID:p0800
Proof. Let F be an implicative pseudo filter of A. Then ∀x ∈ A, suppose (x → y) ↪ x ∈ F,
On the other hand,
and ((x → y) ↪ x) → x ∈ F, since F is an implicative filter. ID:p0840 Combine that (x → y) ↪ x ∈ F, according to the definition of filter, we get x ∈ F.
ID:p0845
Similarly, suppose (x ↪ y) → x ∈ F,
and ((x ↪ y) → x) ↪ x ∈ F, since F is an implicative filter. ID:p0885 Combine that (x ↪ y) → x ∈ F, according to the definition of filter, then we get x ∈ F. ID:p0890 According to the definition, then F is a Boolean filter of A.
ID:p0895
Similarly, we can get Theorem 11.
ID:p0900
In pseudo BCK-algebra, every Boolean filter is an implicative pseudo filter.
since F is an implicative filter. ID:p0940 Combine that (x → y) → x ∈ F, according to the definition of filter, then we get x ∈ F. ID:p0945 Similarly, suppose (x ↪ y) ↪ x ∈ F,
since F is a Boolean filter. ID:p0980 Combine that (x ↪ y) ↪ x ∈ F, according to the definition of filter, we get x ∈ F.
ID:p0985
Thus F is an implicative pseudo filter of A.
ID:p0990
From the above results, we can get the following results as a solution for the open problem.
Theorem 12.
ID:p0995
In pseudo BCK-algebra or bounded pseudo BCKalgebra, the notion of implicative pseudo filter is equivalent to the notion of Boolean filter.
ID:p1000 Remark 1. The equivalent relation between the implicative filter and Boolean filter is of importance in the study of logical algebras. For example, when studying of the pseudo BCK-algebra, implicative filter and Boolean filter can reflect the algebraic structure of the pseudo BCK-algebra. When we get the equivalent relation between them, and based on some other results we obtained [1, 16, 30] , we can completely solve some other problems like this.
ID:TI0035
THE RELATION BETWEEN IMPLICATIVE FILTER (BOOLEAN FILTER) AND IMPLICATIVE PSEUDO BCK-ALGEBRA
ID:p1005
The filters play a vital role in representing the algebras, such as in a pseudo BL-algebra A, ID:p1010 A is pseudo MV-algebra if and only if every filter of A is a pseudo MV filter, ID:p1015 A is a Godel-algebra if and only if every filter of A is a pseudo G filter, ID:p1020 A is a Boolean algebra if and only if every filter of A is a Boolean filter.
ID:p1025
The similar relation between implicative or Boolean filter and implicative pseudo BCK-algebra is not obtained, yet. For this reason, [25] set it as an open problem. ID:p1030 Prove or negate that pseudo BCK-algebras is implicative BCKalgebras if and only if every filter of them is implicative filters (or Boolean filter).
ID:p1035 [1] partly solve the open problem. Based on this, we can further get the following results as a solution for the open problem.
Proposition 13.
ID:p1040
Let A be a pseudo BCK algebra. Then the following statements are equivalent: ID:p1045 (1) A is an implicative BCK-algebras, ID:p1050 (2) Every filter of A is an implicative filters (or Boolean filter), ID:p1055 (3) {1} is an implicative filters (or Boolean filter).
ID:p1065
Proof. (1) ⇒ (2)Based on the results of [9] and the previous result, pseudo BCK-algebra A is implicative BCK-algebra if and only if A is a 1-type (or 2-type) implicative pseudo BCK-algebra. Then for every filter of them, if
Then every pseudo filters of them is implicative pseudo filters (Boolean filter), so necessity is obvious.
ID:p1070
(2) ⇒ (3)obvious.
ID:p1075 (3) ⇒ (1)Now suppose every pseudo filter of a pseudo BCK-algebra A is an implicative pseudo filters (Boolean filter), then pseudo filter {1} is an implicative pseudo filters (Boolean filter).
ID:p1080
For any x, y ∈ A, from x ≤ ((x ↪ y) → x) ↪ x (by Theorem (7)),
we get ((x ↪ y) → x) ↪ x = 1 ∈ {1}, since {1} is an implicative pseudo filters, that is, (x ↪ y) → x ≤ x (by Definition (6)).
ID:p1115
From above results, we find that A is a 1-type implicative pseudo BCK-algebra, then A is implicative BCK-algebra.
ID:TI0040 THE RELATION BETWEEN FANTASTIC FILTER AND NORMAL FILTER IN BL-ALGEBRA
ID:p1130
Here we recall some kinds of filters in BL-algebra. Similar with the pseudo BCK-algebra, here we recall some definitions and results which will be needed. Reader can refer to [3, 16, 30, 37, [40] [41] [42] .
Definition 15.
ID:p0200
A filter of a BL-algebra A is a nonempty subset F of A such that for all x, y ∈ A,
Proposition 14.
ID:p1155 ID:p1160 (1) 1 ∈ F, ID:p1165 (2) x, x → y ∈ F implies y ∈ F.
Let F be a nonempty subset of a BL-algebra A. Then F is a filter of A if and only if the following conditions hold
In example 2, we can find ( 1 2 , 1) is a filter.
Definition 16.
ID:p1185
A proper filter F is prime if for any x, y, z ∈ A, x ∨ y ∈ F implies x ∈ F or y ∈ F.
Theorem 15.
ID:p1190
A proper filter F is prime if for any x, y ∈ A, x → y ∈ F or y → x ∈ F.
Definition 17.
ID:p1200 A filter F of A is called normal if for any x, y, z ∈ A, z → ((y → x) → x) ∈ F and z ∈ F imply (x → y) → y ∈ F.
Definition 18.
ID:p1210
Let F be a nonempty subset of a BL-algebra A. Then F is called a fantastic filter of A if for all x, y, z ∈ A, the following conditions hold:
Definition 19.
ID:p1230
Let F be a nonempty subset of a BL-algebra A. Then F is called an implicative filter of A if for all x, y, z ∈ A, the following conditions hold:
Definition 20.
ID:p1250
Let F be a nonempty subset of a BL-algebra A. Then F is called a positive implicative filter of A if for all x, y, z ∈ A, the following conditions hold:
Definition 21.
ID:p1270 A filter F of A is called Boolean if x ∨ x -∈ F for any x ∈ A.
Definition 22.
ID:p1280
Let F be a filter of A. F is called an ultra filter of A if it satisfies x ∈ F or x -∈ F for all x ∈ A.
Definition 23.
ID:p1290
Let F be a filter of A. F is called an obstinate filter of A if it satisfies x ∉ F and y ∉ F implies x → y ∈ F for all x, y ∈ A.
Definition 24.
ID:p1300
A proper filter of a BL-algebra A is called maximal if it is not properly contained in any other proper filter of A.
Proposition 16.
ID:p1305
A proper filter F of a BL-algebra A is maximal if and only if ∀x∈F, ∃n ∈ N, such that x n ∈ F.
ID:p1310
In order to investigate the essential relations among the filters, and based on the past work [1, 16, 30] , we characterize the following filters.
Theorem 17.
ID:p1315 
Let F be a filter of a BL-algebra A. F is a normal filter if and only if one of the followings holds for all x, y ∈
Theorem 19.
ID:p1350
Let F be a Boolean filter of A, then for all x, y ∈ A ID:p1355
ID:p1370 (4) x → (x → y) ∈ F implies x → y ∈ F.
Theorem 20.
ID:p1375
Let F be a filter of a BL-algebra A. Then the followings are equivalent for all x, y, z ∈ A: ID:p1380 (1) F is a fantastic filter, ID:p1385 (2) y → x ∈ F ⇒ ((x → y) → y) → x ∈ F, ID:p1390
Theorem 21.
ID:p1395
Let F be a filter of a BL-algebra A. Then for any x, y, z ∈ A the followings are equivalent: ID:p1400 (1) F is an implicative filter of A, ID:p1405 (2) y → (y → x) ∈ F implies y → x ∈ F, ID:p1410 (3) x → x ⊙ x ∈ F.
ID:p1415
By the above results, we can get the following results.
Corollary 22.
ID:p1420
In an MV-algebra, every filter is a fantastic filter.
Corollary 23.
ID:p1425
In a Gö del-algebra, every filter is an implicative filter.
ID:p1430
Based on this, we get some relations among the filters in BLalgebras.
Theorem 24.
ID:p1435
Each Boolean filter is equivalent to a positive implicative filter in BL-algebras.
Theorem 25.
ID:p1440
Each ultra filter is equivalent to an obstinate filter in BL-algebras.
Theorem 26.
ID:p1445
Each ultra filter f a BL-algebra A is a fantastic filter.
ID:p1450
Proof. Suppose F is an ultra filter. If x ∈ F, we have x ≤ x --→ x ∈ F. If x -∈ F, we get (x → 0) → (x --→ x) = x --→ ((x → 0) → x) ≥ 0 → x = 1, we get x --→ x ∈ F, then F is a fantastic filter.
Theorem 27.
ID:p1455
Let F be a filter of A. Then F is a Boolean filter if and only if it is an implicative and normal filter.
ID:p1460
Proof. If F is a Boolean filter, then by Theorem 17, 19, and 21, we know that F is an implicative and normal filter.
ID:p1465
Suppose F is an implicative and normal filter. Since
, we have x -→ 0 ∈ F since F is an implicative filter. Then since F is also a normal filter, wehave x ∈ F, thus we get then F is a Boolean filter.
Theorem 28.
ID:p1470
Let F be a filter of A. Then F is a Boolean filter if and only if it is an implicative and fantastic filter.
ID:p1475
Based on the previous work and the above results, we get the essential relation.
Theorem 29.
ID:p1480
Let F be a filter of A. Then F is an implicative and normal filter if and only if it is an implicative and fantastic filter.
ID:p1485
In [26] , there are two open problems in BL-algebras:
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